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ABSTRACT 
The effects of variable viscosity and thermal conductivity on the MHD flow of two immiscible fluids in a 

vertical channel are presented. The differential equations governing the flow, heat transfer of the problem are 

transformed into dimensionless form of ordinary differential equations by using similarity substitutions. The 

governing boundary value problems so obtained are then solved numerically using Runge-Kutta 6th order 

method. The effects of pertaining parameters on velocity and temperature field are studied and results are 

presented graphically. The co-efficient of skin-friction and Nusselt number are also computed and presented in 

tabular form 

 

KEYWORDS: Variable viscosity, Variable thermal conductivity, MHD, Free convection, Immiscible fluids, 

Runge-Kutta 6th order method. 

I. INTRODUCTION 
Heat and mass transfer processes has a wide range of applications in Engineering Sciences. Convection 

problems of electrically conducting fluid have got much importance due to various applications in Geophysics 

and Engineering, Missile technology etc. MHD deals with  the motion of an electrically conducting fluid in the 

presence of a magnetic field. There are various number of examples of application of MHD. MHD convection 

problems are widely applied and studied in agriculture, engineering, petroleum industries, Medicine and 

Biology.      A number of works were done on the generalization of flow and heat transfer solution with regards 

to Magneto hydrodynamics. 

For many years, Scientists and Engineers have been interested in two phase flows which arise in many industrial 

applications. The two-phase fluid flow phenomena are important in pipe flows, fluidized beds, sedimentation, 

gas purification, transport processes and shock waves. Srinivas et al.[1]. Studied  the effects of radiative heat 

transfer on entropy generation in flow of two immiscible non-Newtonian fluids between two horizontal parallel 

plates. Ramana Murthy and Srinivas[2] presented the heat transfer by the first and second laws of 

thermodynamics for the flow of two immiscible couple stress fluids inside a horizontal channel under the action 

of an imposed transverse magnetic field. Mehdi-Nejad et al.[3] studied a method to calculate heat transfer across 

an interface separating immiscible fluids. 

In a typical operating situation lubricants can be subjected to extreme conditions, like high temperatures, 

pressure and shear rate. External heating and high shear rates can cause to high temperatures being generated 

within the fluid. This may have a major effect on the fluid properties as presented by Myers et al.[4]. Hazarika 

and Santana Hazarika [5] studied the effects of variable viscosity and thermal conductivity on the MHD mixed 

convective boundary layer flow and heat transfer over a stretching surface in the presence of heat radiation and 

concluded that viscosity is proportional to velocity and magnetic intensity decreases as velocity increases. 
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Surajit Dutta [6] emphasized the effects of variable viscosity and thermal conductivity and  the micro inertia 

density is assumed to be variable on the MHD flow of micro polar fluid on a continuous moving surface in the 

presence of a transverse magnetic field have studied considering the viscosity and thermal conductivity as the 

inverse linear functions of temperature. Subhas Abel[7] Presented  MHD boundary layer flow and heat transfer 

in a viscoelastic fluid over a stretching sheet with variable thermal conductivity in presence of radiation and the 

non-uniform heat source. Salawu and  Dada[8] investigated the effects of variable viscosity and thermal 

conductivity on radiative heat transfer with inclined magnetic field and dissipation in a Darcy medium . Anjali 

Devi and Prakash[9] presented the problem of temperature dependent viscosity and thermal conductivity effects 

on hydromagnetic flow over a slendering stretching sheet have been analyzed. Lai and  Kulacki[10] presented 

the effect of variable viscosity along a vertical plate. Hossain et.al[11] have studied  the effect of a temperature 

dependent viscosity on natural convection flow of viscous incompressible fluid from a vertical wavy surface has 

been investigated using an implicit finite difference method. S.Mukhopadhyay and G.C.Layek[12] studied free 

convective boundary layer flow and heat transfer of a fluid with variable viscosity over a porous stretching 

vertical surface in presence of thermal radiation. Oluwole Daniel Makinde[13] analyzed the combined effects of 

radiation, temperature dependent viscosity, suction and injection on thermal boundary layer over a permeable 

flat plate with a convective heat exchange at the surface.  

In many branches of science and rapid growth in fluid mechanics research the significant importance has been 

shown on the study of convection in immiscible fluid flows . The effect of variable fluid viscosity and thermal 

conductivity on the heat transfer through the immiscible fluid flows has not been studied as per the best of my 

knowledge and available literature. In view of these, the present problem is concentrated on the fluid properties 

which depend on high temperature. Thus the main motivation of the present paper is to study the effects of 

variable fluid viscosity and thermal conductivity on MHD boundary layer flow and heat transfer of fluid in a 

vertical channel. Consideration of temperature-dependent viscosity, thermal conductivity and magnetic 

parameter yields a highly non-linear coupled system of partial differential equations. The coupled non-linear 

partial differential equations governing the problem are reduced to a system of coupled highly non-linear higher-

order ordinary differential equations by applying suitable similarity transformations. The system of higher order 

ordinary differential equations is then solved by employing Runge–Kutta–6th order method.  

II. MATHEMATICAL FORMULATION 
The walls of the vertical channel  are placed at Y= - h1 and Y= h2 along Y-direction initially as shown in Figure 

1 and both plates are isothermal with different temperatures T1 and T2 respectively. The distance 
1 0h Y    

represents region-1 and the distance 
20 Y h   represents region-2 where the first region is filled with the fluid 

having density 1 , viscosity 1  
and the second region is filled with another fluid having density 2 viscosity 

2 .The fluid flow in the channel is due to buoyancy forces. 

The following assumptions are considered to get the governing equations for the problem : 

1. The flow is assumed to be one-dimensional, steady, laminar, immiscible and incompressible. 

2. The transport properties of both fluids are constant. 

3. The fluid flow is due to buoyancy forces 

4. The fluid flow is fully developed. 

5. The flow, temperature and species concentration are assumed to continuous at the interface. 

6. Each of the walls are isothermal and having constant species concentration and 1 2T T , 1 2C C  

7. The flow is assumed to follow Boussinesq approximation. 
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Fig. 1:  Geometry of the Problem 

 

Governing Equations 

 

Region-1: 

1 0
dU

dY
       [Continuity]                                              (1) 

1 0 1 1 0[1 ( )]T T T        [State]                                                                        (2)         

22

0 11 1 1

1 1T 1 02

1

UU U1
g (T T ) 0

Y Y Y

    
      

    
   

[Momentum]                                                (3)  

2

1 1 1

1 1

T T U1
U k

Y C y Y Y

     
   

       

              [Energy]                                 (4) 

Region-2: 

2 0
dU

dY
    [Continuity]                                               (5) 

2 0 2 2 0[1 ( )]T T T       [State]                                                   (6) 

22

0 22 2 2

2 2 2 02

2

1
( ) 0T

UU U
g T T

Y Y Y


 

 

   
     

   
[Momentum]                   (7)    

2

2

2 2 2

2 2 2

2

1

P

T T U
U K

Y C Y Y Y




     
   

      

   [Energy]                                                (8) 

The above system of Eqs. (1) to (8) are solved by considering the following boundary and interface conditions 

as mentioned by Arimen[14]. 

1 10U at Y h   , 
2 20U at Y h  ,    1 20 0U U , 1 1T T at Y h   , 2 2T T at Y h  ,    1 20 0T T ,

 1 0
0

dU

dY
 ,

 2 0
0

dU

dY
 ,

 1 0
0

dT

dY
 ,

 2 0
0

dT

dY
 . 

The following variables are used to make the system of Equations. (1) to (8) in to dimensionless form: 

1

Y
y

h
  (Region 1), 1

1

0

U
u

U
  , 1 0

1

T T

T






 ,

2 2

0 1B h
M





  (Magnetic field parameter) ,

3

1 1

2

1

Tg Th
Gr

v

 
  

(Grashof number),
1

1





  , 0 1

1

U h
R

v
  (Reynolds number), 1

0

Pr



  ,

 
1

1

1 1

k

Cp



 ,

 

2

0

1

U
Ec

Cp T



 (Eckert 

http://www.ijesrt.com/


  ISSN: 2277-9655 

[Kiran* et al., 7(5): May, 2018]  Impact Factor: 5.164 

IC™ Value: 3.00  CODEN: IJESS7 

http: // www.ijesrt.com© International Journal of Engineering Sciences & Research Technology 

 [76] 

number) ,
2

Y
y

h
  (Region 2), 2

2

0

U
u

U
  , 2 0

2

T T

T






 , 1

2

h
h

h
  , 1

2

T

T

b



  , 1

2





  , 1

2

Cp
Cp

Cp
  ,

2

2





  ,

2

2

2 2

k

Cp



  . 

As the crux of the work is to study the effect of variable viscosity and variable thermal conductivities, it is 

considered in the function of temperature as r1

1

1 r1

 
  

 
  and r2

2

2 r2

 
  

 
for region 1 and 2 respectively 

where 
r1 and 

r2 are variable viscosity parameters of the region 1 and region 2 respectively. The variable 

thermal conductivities for both the regions  are taken as  1 0 1 11      and  2 0 2 21     where 
1  and 

2 are variable conductivity parameters of region 1 and region 2 respectively. 

Hence the governing equations will become in to non dimensional form as : 
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The non dimensional boundary and interface conditions thus formed are: 

 1 1 0u   ,  2 1 0u  , 
1 2(0) (0)u u , '

1(0) 0u  , '

1(0) 0   

 1 1 1   ,  2 1 0  , 
1 2(0) (0)                                  (13) 

 

III. SOLUTION OF THE PROBLEM  
The governing partial differential Equations  (9)–(12) of momentum and energy are reduced into non-linear 

differential equations using the set of similarity variable (13). The obtained equations constitute a system of 

highly non-linear coupled boundary value problem and are solved numerically by using Runge Kutta 6 th order 

method with the help of software Mathematica 10.4. It is observed that a very good agreement has been 

achieved with their results. The nusselt number and shearing stress on both walls are calculated using the 

expressions:  
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IV. SOLUTION OF THE PROBLEM  
The numerical solutions of the system of equations are analyzed for different values of the governing parameters 

and the results are presented graphically. Grashof number (Gr), Reynolds number (R), Magnetic field parameter 

(M), Eckert number (Ec), variable viscosity parameters 
r  and variable thermal conductivity parameters             

(
1 2,  ) are fixed as Gr=3, R=3, M=3, Ec=0.035, 

r1 =-0.8, 
1 = 0.7, 

2 = 0.5 for all the profiles excepting the 

varying parameter. 
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Fig. 2: Velocity  Profiles for different Gr          Fig. 3: Velocity  Profiles for different R 

Fig. 4: Velocity  Profiles for different M          Fig. 5: Velocity  Profiles for different Ec 

 
Fig. 6: Velocity  Profiles for different θr          Fig. 7:  Velocity  Profiles for different β 

 
Fig. 8: Temperature  Profiles for different θr   Fig. 9: Temperature  Profiles for different β 
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The velocity profiles are illustrated in Figures  2 to 7. The Grashof number for heat transfer is defined to be the 

relative effect of the thermal buoyancy force to the viscous hydrodynamic force in the boundary layer. As Gr 

increases the velocity increases in both regions because of the enhancement of thermal buoyancy force as 

observed in figure 2. The influence of Reynolds number on velocity is shown in figure 3 . As Reynolds number 

is the ratio of inertial forces to viscous forces within a fluid which is subjected to relative internal movement due 

to different fluid velocities, the increase of this number leads to decay in the velocity. Figure 4 represents the 

effect of Magnetic field parameter; it shows that the momentum is decreasing due to the Lorentz forces which 

have the capacity to act against the flow. The effect of the Eckert number on velocity is shown in figure 5, Ec is 

proportional to velocity and not shown significant effect. The effect of variable viscosity parameters is studied 

by taking different combinations of 
r for both the regions as 

r increase the velocity in both the regions 

increases which is shown in figure 6. The effect of thermal conductivity parameters 
1 2,  on velocity is depicted 

in the figure 7, it shows for different combinations of  the velocity is reduced in both the boundaries and found 

to be more in second region. Figures 8 to 13 depict the effect on temperature for all the pertinent parameters. 

                  

Table. 1: Nusselt number and Shear stress 

 

Gr R M Ec r1  
r2  

1  
2  St-I St-II 

 
Nu-I Nu-II 

1 3 3 0.035 -0.8 -0.4 0.7 0.5 0.285498 -0.100799 
 

0.000095 -1.35013 

2 3 3 0.035 -0.8 -0.4 0.7 0.5 0.571012 -0.201618 
 

0.000383 -1.35051 

3 3 3 0.035 -0.8 -0.4 0.7 0.5 0.856559 -0.302476 
 

0.000862 -1.35115 

5 3 3 0.035 -0.8 -0.4 0.7 0.5 1.42781 -0.504385 
 

0.002395 -1.35318 

3 1 3 0.035 -0.8 -0.4 0.7 0.5 2.57139 -0.909528 
 

0.007773 -1.36034 

3 2 3 0.035 -0.8 -0.4 0.7 0.5 1.28497 -0.453877 
 

0.00194 -1.35258 

3 3 3 0.035 -0.8 -0.4 0.7 0.5 0.856559 -0.302476 
 

0.000862 -1.35115 

3 5 3 0.035 -0.8 -0.4 0.7 0.5 0.513908 -0.181452 
 

0.00031 -1.35041 

3 3 1 0.035 -0.8 -0.4 0.7 0.5 1.3583 -0.567021 
 

0.00305 -1.35447 

3 3 2 0.035 -0.8 -0.4 0.7 0.5 1.03078 -0.392517 
 

0.00145 -1.35202 

3 3 3 0.035 -0.8 -0.4 0.7 0.5 0.856559 -0.302476 
 

0.000862 -1.35115 

3 3 5 0.035 -0.8 -0.4 0.7 0.5 0.669207 -0.20974 
 

0.000422 -1.35051 

3 3 3 0.0005 -0.8 -0.4 0.7 0.5 0.856489 -0.302389 
 

0.000012 -1.35002 

3 3 3 0.035 -0.8 -0.4 0.7 0.5 0.856559 -0.302476 
 

0.000862 -1.35115 

3 3 3 0.07 -0.8 -0.4 0.7 0.5 0.85663 -0.302563 
 

0.001724 -1.35229 

3 3 3 0.5 -0.8 -0.4 0.7 0.5 0.857509 -0.30364 
 

0.012354 -1.36646 

3 3 3 0.035 -1.2 -1 0.7 0.5 0.767587 -0.360995 
 

0.000919 -1.35134 

3 3 3 0.035 -1 -0.8 0.7 0.5 0.804489 -0.349701 
 

0.000896 -1.3513 

3 3 3 0.035 -0.8 -0.4 0.7 0.5 0.856559 -0.302476 
 

0.000862 -1.35115 

3 3 3 0.035 -0.4 -1.2 0.7 0.5 1.07688 -0.38029 
 

0.000724 -1.35136 

3 3 3 0.035 -0.8 -0.4 -0.9 0 0.857716 -0.278843 
 

0.014711 -1.00335 

3 3 3 0.035 -0.8 -0.4 0 0.5 0.856609 -0.296796 
 

0.001466 -1.25125 

3 3 3 0.035 -0.8 -0.4 0.5 0.9 0.856569 -0.307485 
 

0.000977 -1.45123 

3 3 3 0.035 -0.8 -0.4 0.9 -0.9 0.856552 -0.217033 
 

0.000771 -0.55056 

      
Table 1 shows the Shear stress values and nusselt numbers with the effects of all governing parameters. From 

this table, it is observed that the absolute Shear stress increases with increase of Gr on both the boundaries 

y 1   and y 1  because of buoyancy forces and similar nature is identified with Ec. The reverse effect is 

identified with R and M. For variations of 
r the shear stress is increasing on the left and decrease on the right 

boundary, whereas for 
1 2, 

 
the effect is reversal. The Nusselt number i.e. rate of heat transfer increases on the 

both the boundaries for the parameters Gr and Ec. For the variations of the Reynolds Number and magnetic field 

parameter the rate of heat transfer decrease on both the boundaries.  
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V. CONCLUSIONS 
1. The variation of viscosity and thermal conductivity enhances the flow significantly. 

2. The thermal conductivity variation is could not enhance the temperature notably.  

3. The shear rate is more on the hot plate than the cold plate. The absolute rate of heat transfer is more on 

cold plate than on hot plate. 

4. The variable viscosity and thermal conductivity significantly enhances the rate of shear stress and rate 

of heat transfer.  

5. The increase in thermal conductivity and viscosity of the fluid transfer the heat more significantly even 

in immiscible flows. 
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